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Année 2009

Exercices de mathématiques

Exercises and corrections: Barbara Tumpach
Determinants

Exercise 1. 1. Compute the area of the parallelogram constructed on the

Vectorsﬁz(g)andg:((l)).

2. Compute the volume of the parallelepiped constructed on the following

vectors
1 0 1
u=\| 1|, v=| 1 |andw=| 1
0 0 1

3. Show that the volume of a parallelepiped whose vertices are points in
R3 with integer coordinates is an integer.

Correction 1. 1. The area of a parallelogram constructed on two vectors
is the absolute value of the determinant of these two vectors. Hence
the area of the parallelogram constructed on @ and b is

det (,5)| = —‘ .

-3

2. The volume of a parallelepiped constructed on three vectors is the abso-
lute value of the determinant of these three vectors. Hence the volume
of the parallelepiped constructed on u, v, W is

|det (4, 7, @)| =

O =
S = O
— =
|
—_

3. The determinant is computed using only products and sums of num-
bers. Therefore the determinant of vectors with only integer coordi-
nates is an integer. Consequently the same is true for the volume.

Exercise 2. Compute the determinants of the following matrices:

1 2 3 110 2 71
2301},100T1 ), -1 220,
3 01 1 01 3 51



2 1 2 1 2 3 1 0 —1
313, ([231],[20 1
1 0 6 3 1 1 1
Correction 2.
1 2 3 1 1 0 2 71
2 3 0|=-12, 00 1]|=1, -1 2 0=
3 01 1 01 3 51
2 1 2 1 2 3 1 0 -1
3 1 3 |=-5, 2 3 1 |=-18, 2 0 1 = -3
1 0 6 3 1 2 1 1 3
Exercise 3. Compute the determinants of the following matrices:
01 2 3 01 10 1 2 1 2
1 2 30 1 0 01 1 31 3
2 3 01 ’ 1 1 01 ’ 21 0 6
3 0 1 2 1 1 10 1 1 1 7
Correction 3.
01 2 3 01 10 1 2 1 2
1 2 30 _ 96 1 0 01 _ 1 31 3
2301 77 110 1| 7 21 0 6
3 01 2 1 110 1117

Exercise 4. Compute the determinants of the following matrices:

01 2 3 a b c d -1 1 1
3 6 10 —a b «
4 10 20 |’ —a —-b ¢

16} 1
v |’ 1 1 -1
5 15 35 —a —=b —c d 1

—_ = =

Correction 4.

01 2 3 a b c
1 3 6 10| 3 —a b
1 4 10 20| 77 —a —b ¢

1 5 15 35 —a —b —c

= 8abc,

QU2
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Exercise 5. Compute the determinant of the following matrices :
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Correction 5.

a b c d a 0 0 0 a b c d

e f g 0] b c 0 0] 0 e f g|_
hok oo o tked d e f o=l 00 h k|
1 000 g h k1 000 1

Exercise 6. Let M = (m]) be a square matrix of size n. One constructs
from M a matrix N = (n]) in the following way: for each pair of indices i, j,
denote by MZJ the matrix obtained from M by deleting the line 7 and the
column j ; then n? = (—1)"7 det(M/). Prove that MN = NM = det(M)]I,
where I denotes the identity matrix. Using this result, find a way to invert
a matrix that uses determinants and apply it to the following matrix:

3 =2 0 -1
0 2 2 1
M= 1 -2 -3 -2
0o 1 2 1

Correction 6. Done in the lecture notes.

Exercise 7. Compute the inverses of the following matrices using two dif-
ferent methods:

1 23 11 -1
A= 2 5 4 |; B=|12 3 |;
~10 2 1 3 6
0100 1 1 1 1

3020 0 -1 -2 -3
C=10o20 3| D=1y o 1 3
0010 0 0 0 -1

Correction 7. One can use either the formula with the comatrix, or the
Gauss method. One obtains:

4 -2 -1 -3 9 =5
Atl=| -2 5 1|, B'l'=| 3 -7 4 |;
2 -1 0 -1 2 -1
0 3 0 -2 11 1 1
4| 1 00 0 |, a0 -1 -2 =31_
“=looo 1 |" P =loo 1 3 ]|7P
-20 3 0 00 0 -1



Exercise 8. Using the determinant, show that the following systems admit
a unique solution. Solve each system by inverting the matrix of coefficients.

r + vy + z =1
20 + 3y + 4z =
y + 4z = 3

[\

x + 1y + z + t =1
r + vy — 2z — t =0
r —y — z + t =
xr — vy + z — t =3
3r + 2y — 2z =-1
r + y — 3z =1
3r 4+ 2y =0
Correction 8. 1. One has

111
det | 2 3 4 | =2#0.
01 4

It follows that the matrix of coefficients of the system is invertible, and
the system admits a unique solution. One computes

5
xr 2
y | =1 =3
z 5
2. One has
1 1 1 1
1 1 -1 -1
1 -1 -1 1 =16 # 0.
1 -1 1 -1

The unique solution of the second system is

S+~ N e 8



3. One has

32 -1
11 —-3|=1#0.
32 0

The unique solution of the third system is

T —8
y | = 12
z 1



